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In this article we considered models of particles living in a three-dimensional space-time with 
a nonstandard noncommutativity induced by shifting canonical coordinates and momenta with 
^\ ■ generators of a unitary irreducible representation of the Lorentz group. The Hilbert space gets the 

fNj ' structure of a direct product with the representation space, where we are able to construct operators 

which realize the algebra of Lorentz transformations. 

We study the modified Landau problem for both Schrodinger and Dirac particles, whose Hamil- 
tonians are obtained through a kind of non-Abelian Bopp's shift of the dynamical variables from 
the ones of the usual problem in the normal space. The spectrum of these models are considered in 
J-~^ perturbation theory, both for small and large noncommutativity parameters. 

We find no constraint between the parameters referring to no-commutativity in coordinates and 
momenta but they rather play similar roles. 

Since the representation space of the unitary irreducible representations SL(2, R) can be realized 
£Nj " in terms of spaces of square-integrable functions, we conclude that these models are equivalent to 

' quantum mechanical models of particles living in a space with an additional compact dimension. 
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I. INTRODUCTION 



Space-time non-commutativity is an old idea P, H| which has been revived in recent years within the context of 
string theory Q and has attracted much attention in diverse areas such as Mathematics [J, Q , Theoretical Physics 
^ 1 [1,13, Phenomenology |[ or Condensed Matter d[I3|. 

In the conventional version of noncommutative (NC) space-time, the coordinate operators satisfy the algebra 



\x il ,x v \=iQ ilv , (1) 

where is a real constant antisymmetric matrix, not a tensor. This is the situation realized in string theory in the 
presence of a background antisymmetric tensor field @. But, clearly, such define preferred directions in a given 
Lorentz frame and, thus, the assumption in Eq. ((T|) produces a violation of Lorentz invariance (3, ITTI - flil ]. 

In [l5| , a different class of noncommutative theories have been considered in order to recover Lorentz invariance. 
In these models, the parameter 9^ v in the right hand side of Eq. ([]} is promoted to an operator that transforms as a 
Lorentz tensor. This algebra can be interpreted as a contraction of the Lorentz-invariant algebra due to Snyder 
taking 6^ as proportional to the generators of the Lorentz group. 
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These ideas have been put in practice in a series of papers [ly], employing in particular the Doplicher, Fredenhagen 
and Roberts algebra [I?} , in which the operators 9^ are considered as part of the ordinary coordinates of an enlarged 
ten-dimensional space-time, with the assum ptio ns that the triple commutator of coordinate operators vanishes. 



This algebra was later extended by Amorim 18[ through the introduction of momenta canonically conjugate to these 
new coordinates. 

Noncommutative Quantum Mechanics (NCQM) is a simple scenario to explore the properties of NC spaces. In 
addition to the non-commutativity of the positio n op erators previously referred to and the study of representations 
of the algebra of the NC space-time coordinates jl7l . |20| , non-commutativity in the momenta commutators algebra 
have also been considered, in relation with the deformation quantization of Poissonian structures [2lj and as a kind 
of magnetic quantization [22|, . 

These researches have stimulated the construction of new models in quantum mechanics [l9j . allowing to explore 
new ideas in several situations of interest. For example, some models based on a kind of nonstandard deformation 
of the Heisenberg algebra, which can be realized by shifting the dynamical variables with spin variables, have been 
studied in 0, [Hf. A similar deformation in the commutators among momenta can be interpreted as the introduction 
of constant non-Abelian magnetic fields [2f|. 

This kind of noncommutativity in the phase space, where the number of degrees of freedom is enlarged by shifting 
the usual dynamical variables by adding them a generator in the Lie algebra of a non-Abelian group [2~il [25j , have 
been employed in the formulation of some interesting quantum-mechanical models. For example, these ideas have even 
found application in the description of graphene, a new material recently experimentally obtained which behaves as a 



two-dimensional system. In [27| it has been studied a two-dimensional continuous model which takes some elements 
of the tight-binding model for this material and reproduces the anomalous integer quantum Hall effect characteristic 
of graphene. 

In the following we consider a model with this kind of nonstandard noncommutativity, where both coordinates and 
momenta get deformed commutators. These deformations are taken as proportional to the generators of the Lorcntz 
group in some irreducible representation (irrep) rather than proportional to the generators of this group on the space- 
time themselves, as in As we will see, under these conditions total generators of the Lorentz transformations can 
be constructed which correctly transform all the operators, giving thus a realization of the Lie algebra of this group 
on the Hilbert space of the quantum-mechanical system. 

These deformations of the Heisenberg algebra can be effectively realized in a NC three-dimensional space-time by 
simply shifting the ordinary (commutative) dynamical variables by terms proportional to the generators in an irrep 
of the Lorentz group on the 2+1-Minkowski space, isomorphic to SL(2, K)/Z, since in this case the dimension of the 
group coincides with the dimension of the space-time. A similar idea has recently been developed in a four-dimensional 
NC space through shifts in the coordinates proportional to the Pauli-Lubanski vector [28[ . 

Let us mention that three-dimensional theories have regained interest in recent years since it was found that this 
is the only non-critical dimension where strings can be quantized consistently [29l432| . Indeed, it was shown that 
light-cone gauge quantization in the three-dimensional space preserves Lorentz invariance without the need for any 
longitudinal modes [29| . It was also found that some states necessarily have irrational spin, i. e. the spectrum contains 
anyons. This led to the consideration of infinite-dimensional irreducible representations of the universal cover of the 
Lorentz group on the three-dimensional Minkowski space [3lj . 

In this article we consider the behavior of Schrodinger and Dirac particles in a NC 2+1-dimensional space, in which 
the phase-space noncommutativity is induced by shifting the usual dynamical variables by generators in an irreducible 
representation of the (noncompact) Lie group SL(2,R) [331-35] . This means that the Hilbert space has the structure 
of a direct product, where one factor corresponds to the component of the state vectors in the representation space 
of the irrep considered. 

Notice that if we demand the noncommuting phase space variables to be Hcrmitian operators, we are constrained 
to consider unitary irrep's of this group, which are not of finite dimension. Moreover, since the representation space 
of the unitary irrep 's of SL(2, R) can be explicitly realized in terms of spaces of functions defined on the unit circle or 
analytic functions on the unit open disk, as discussed in Appendix I A 2 1 f See reference [H|), the models to be considered 
turn out to be equivalent to quantum mechanical systems living in a space with an additional (compact) dimension. 

The structure of the paper is as follows. In Section [TT] we set up the noncommutativity properties of the three- 
dimensional space, realize the deformed Heisenberg algebra though a kind of non-Abelian Bopp's shift in the dynamical 
variables and discuss the construction of the generators of the Lorentz group on the Hilbert space. In Section Hill wc 
consider the Hamiltonian of a Schrodinger particle in the presence of an external (U(l)) magnetic field, both in the 
normal and the NC space. We explain the characteristics of the spectrum in both the small and large NC parameters 
limits and discuss the relation with a system in a space-time with an additional dimension. In Section HVl we make the 
same analysis for the Hamiltonian of a Dirac particle. In Section [V] we state our conclusions and, for completeness, 
in Appendix |A1 we briefly review the Lorentz group in 2+1-dimensions and the unitary irrep's of SL(2, M). 
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II. SETTING OF THE PROBLEM 



According to the ideas previously exposed, we consider the modified Heisenberg algebra of the (Hermitian) dynam- 
ical variables given by 

[xp,pv] = i(r\p V - K,9e l _ LUp s p ) , [xp, s v ] = -iQtp V pS p , (2) 

where Sp,/i = 0,1,2 are the generators of an irrep of SL(2,M.) (See Appendix [SJ and 9 and k play the role of 
ultraviolet and infrared scales respectively. 

This deformation can be realized through a kind of non-Abelian Bopp's shift given by 

Xp -t Xp + 9sp , Pp^Pp + KSp , (3) 

in terms of dynamical variables satisfying the usual Heisenberg algebra and the generators of a unitary irrep of 
SL(2,R), which satisfy the commutation relations 



\p„,p v ] = 0, [x»,Sy]=0, (4) 

\Pt» s v ] = , [s M , s v ] = -ie lJ _ ll xs X ■ 

Here, a\ = r/x-yO 1 , with r\ :=diag(l, —1, —1), the metric tensor in the 2+1-dimensional Minkowski space. 

Notice that we must consider a unitary representation of SX(2,R) (non Abelian Lie group isomorphic to SU(1, 1)), 
in order to have Hermitian operators x 11 and pp representing coordinates and momenta in the noncommutative phase 
space. Since this is a noncompact Lie group, its irreducible unitary representations are not of finite dimension. The 
irreducible representations of SL(2,M) are briefly reviewed in Appendix lAl 

If we define Lp V := x v pp — Xpp v and := | e^ vX L u \. we get 

\Lp,x v ] = —itpvxx x , [Lp,p,;] = —itpvxP^ \ 

(5) 

t 1 — _n C . r>> \t a 1 — n 

Mi 



\Lp,L v \ = -i(Lp V xL x , [Lp, s v ] = . 



Since the operators Lp satisfy the same commutation relations as the Sp, we can define new generators of si(2,M), 
Alp := Lp + Sp, for which we get (See Eq. (jAZj) 

[Mp,,x v ] = -iep l ,xx x , [Mp,,p v ] = -iep U xP X , 

(6) 

[Mp, s u ] = -iep„xs x , [Mp, M v ] = -iep uX M x . 

Then, these operators are a realization on the Hilbert space of the system of the generators of the Lorentz trans- 
formations in the 2+1-dimcnsional noncommutative space we are considering. Indeed, it is easy to see that 

[Mp, Xy] = -%tpyXX X , [Mp,Py] = ~l€pyXp X ■ (j) 



Now, our strategy to formulate a model in the noncommutative space will be, given a Hamiltonian _ff(p,x) in the 
usual (commutative) Minkowski space, to generalize it by taking H(p, x). This problem will then be analyzed through 
the replacements in Eq. ([3|). 

Notice that the second commutator in Eq. ([2|) for the two spatial momenta, which maps onto [p± + ks\,P2 + KS2] = 
—ik 2 sq where sq is the generator of rotations on the (spatial) plane in the irrep considered, can equivalcntly be 
interpreted as a consequence of the presence of a constant and uniform non-Abelian magnetic field. Therefore, the 
models to be studied in the following are a kind of generalizations of the non-Abelian Landau problem (26|. This 
point of view was employed in [2tJ to construct a continuous model which incorporates next-to-leading contributions 
from the dispersion relation of the tight-binding model for graphene. In the present approach we also incorporate 
noncommutativity in the temporal momentum component. 
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On the other hand, a commutation relation like the first one in Eq. ([2]) among coordinate operators in the three- 
dimensional Euclidean space, but with generators of SU (2) in the right hand side, allows to simulate dipolar inter- 
actions and lead to models with infinitely degenerate ground state and spontaneous symmetry breaking [24| and find 
application, for example, in the description of triplet superconductivity [36| . Contrary to that case, in the present 
article we need to consider infinite-dimensional unitary irrep's of a noncompact group. 

As previously mentioned, in the following we construct models of Schrodinger and Dirac particles in the NC extension 
of the 2+1-dimcnsional Minkowski phase space described by Eqs. @, and study the implications this generalization 
may have. In particular, we will get a space of state vectors which is the direct product of the Hilbert space for the 
systems in the usual commutative space with the representation space of a unitary irrep of SL(2,M). Since these 
representation spaces can be realized as spaces of square-integrable functions (functions on the unit circle or analytic 
functions on the open unit disk according to the particular irrep considered, as discussed in Appendix IA 2\ , these 
models can also be interpreted as describing particles living in spaces with an additional (compact) spatial dimension. 



III. SCHRODINGER PARTICLES 



To establish our notation, let us first consider the Schrodinger Hamiltonian for the Landau problem. We take the 

b . 



external electromagnetic field as given by Aq = and Ai(x) = — -^e^x 3 . Then, we have for a particle of mass M 



2MH := ( Pl - eMx)Y 



eB 



Pi 



(8) 



operator which commutes with the generator of rotations on the plane, Lq = L±2 (See Ec. ([5])). 

As is known, this operator can be given the form of the Hamiltonian of a harmonic oscillator through the canonical 
transformation of variables 



for which we have 



q := 



V1,P\ 



Pi 



zB 



eB 



Pi 

Je~B 



-x , p:= 



r eB 2 p 2 
x i ■ 



P2 

Jl~B 



'eB , 
— — x 



'eB 



'eB 



Indeed, we get 



where, as usual, 



H 



M 





' t 1" 


(f) 
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q + ip + q - ip 

a = =— , a' = =— 

V2 ' V2 

We also introduce the independent set of canonical variables 



[a, a f ] = 1 



P2 



'eB 



x 1 , P 



Pi 



'eB 



VeB 2 y/eB 2 

which satisfy 

[P,Q] = -i, [P, P ]=0, [P,q] = 0, 

[Q,p] = 0, [Q,q]=0. 
Similarly, we define creation and destruction operators as 

b 



+ iP t Q-iP 



V2 



V2 ' 



(9) 



(10) 



(11) 



(12) 



(13) 



(14) 



(15) 
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which satisfy 

[b, &t] = 1 , [b, a] = , [b, a f ] = . 
The Hamiltonian eigenvectors are then given by 

r a t) n (6tv ib 



|n,n 6 ) 



|0,0) , 



with n, rib = 0, 1, 2, • • ■ , and the corresponding eigenvalues by 

'eB 



M 



degenerate in the index n^. Here, |0, 0) -H- ipo(q,Q) = n ? ^ Q and (n', n' b \n, rib) = 5 n ^ n 5 



For L we get 



n' b ,n h ■ 



U = x 1 p 2 - x 2 Pl = -1 (p 2 + q 2 ) + \ (P 2 + Q 2 ) = tfb - a) a , 



(16) 



(17) 



(18) 



(19) 



and for its eigenvalues the difference I = n\, — n G Z. 



A. Extension to the noncommutative space 

The generalization of this system to the noncommutative space defined by Eq. © is 



eB 

2MH :=(pi- -YCijXj 



2Mks 



Pi + KSi —Eij [Xj + OSj) 



2Mns 



(20) 



(where the last term in the right hand side comes from the shift applied to po in Eq. (|3])), which commutes with 
M = L + so as follows from Ec. J7|). 

If we define %i := pi — ^r-eijXj, we get from @ 



[iri, 772] = —leB 



.eB 



Sf) . 



(21) 



which shows that the model we are considering can also be interpreted as the introduction, besides the U(l) magnetic 
field, of another constant nonabelian magnetic field in the time direction (spatial rotations) of the Lie algebra sZ(2,R). 

In terms of <v and a in Eq. (|12l) and the Hcrmitian generators s M in Eq. ((4]), this Hamiltonian reads as 



2MH = 2MH + 2Mks + V2e~B 



k + i9- 



,eB 



k — 18- 



,eB 



.eB 



(22) 



(so 5 



where 



s± := si ± IS2 ■ 



2 2 2 

so - si - s 2 



(23) 



Notice that the parameter k appears as an energy scale for the internal degrees of freedom while the pure number 
(for k ^ 0) is a measure of the relative strength of noncommutativity in coordinates and momenta with respect 
to the applied external magnetic field. 

In Appendix I A 21 we give a brief review of the unitary irreducible representations of s/(2,IR). For a given unitary 
irrep, the representation space is subtended by the basis of eigenvectors of sq and s 2 , 



s 2 |A, m) = A | A, to) , sq |A, m) — m |A, to) , 



(24) 
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where A and m are real numbers. 

The Hilbert space is then the linear span of the vectors of the form 

\n, n b ; A, m) := \n, n b ) ® |A, m) , 

which arc simultaneously eigenvectors of H, Lo, s 2 and So, normalized so as to satisfy 

(n, n b ; A, m\n' , n' b ; A, m') = <5„,„'<5 nb , n ' b <Wn' . 

Let us recall that 

<r \n, n b ) = y/n + 1 \n + 1, n b ) , a |n, n b ) = y/n \n - 1, n b ) 

and (See Eq. (Kill ) 



(25) 
(26) 
(27) 



We also have that 



H , Mi 



s± |A, m) = yjm{m ± 1) — A |A, mil) . (28) 
= 0, where Mq = Lq + sq has eigenvalues j = I + m = n b — n + m, integer or half-integer 



according to the irrep of SL(2, M.) considered 3^. Indeed, let us call z := k + iO^j-', then, it is straightforward to get 



and 



Moreover, 
eigenvectors, 



2MH, L 



2MH, s 



v2eB [(zd^s + + zas_ 



i^a] = v2eB {za^s + — zas_} 



\/2eB [(za^s + + Z( 



_),s ] - V2^B{- 



-za ] s_l + zas 



-} 



(29) 



(30) 



0. Then, for given values of A, j and n;,, we can give the following development for the H's 



\i>E,j.n b ) = ^2 Cn,m\n,n b ;\,m) . 

n—m—nb—j 

From Eq. (|2^|) . one straightforwardly gets the recursion relation for the coefficients 

(n, n b ; A, m| 2M {H - E) \ipE,j,n b ) = {2eB(n + 1/2) - 2M(£ - nm) + zz (m 2 - A) } C„, m + 



(31) 



+zV2eBy/n^/m(m — 1) — AC„_i,,„-i + z\ / 2eBy / n + 1\/ (m + l)m - A C„+i. m+ i = , 

where m = j — n b + n. 

Notice that, for z = 0, this recurrence gives immediately the usual Landau levels, 

C n>m [eB(n + 1/2) - ME] = E =^§( n + l 



(32) 



(33) 



It is not evident how to solve the recurrence in Eq. (|32[) in the general case. This problem simplifies, for example, 
for the case of a unitary irrep in the discrete series (See Appendix I A 2 a|) . with A = k(k — 1) and m < — k, where k is 
a positive integer or half-integer, since in this case the right hand side of Eq. pip reduces to a finite sum. Indeed, 



m = j — n b + n< —k =>■ < n < n b — j — fc, 

which requires that j — n b < —k in order to have a nontrivial solution. 
In this case we have 

rib—k—j 

\i>E,j,n h ) = ^2 C nJ - nb+n \n,n b ; k(k - 1), j - n b + n) 

n=0 



(34) 



(35) 



and the eigenvalues problem reduces to a matricial one. Notice that the eigenvalues depend on j and n b only through 
the difference J := j — n b , which gives rise to the infinite degeneracy characteristic of the Landau problem. 
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On the contrary, for an irrep of the discrete series with m = j — rib + n > k, then n > k — j + rib and one must 
determine a whole series. 

If, for example, we take j — rib = — 1/2 and m < —k for the irrep with k = 1/2, we have a unique nontrivial solution 
with n = and m = — ^, 



0, n b ] 



1 1 



with _Eq 



eB (\ 
~M 



K ZZ 

2 ~ 4M ' 



(36) 



with an infinite degeneracy in the index = 0, 1, 2, . . . In this case, the noncommutativity of the phase space produces 
a negative shift in the energy of the fundamental Landau level. 

For the same irrep and with j — rib = — |, the solutions belong to a two-dimensional subspace (for each rib) containing 
the independent eigenvectors 

^,« 6 -f ,n„) = (1 + ^ + 0(z 2 )) |0, n 6 ;-i -|> - + O (z 2 )} |l, n fc ; -1 -§) 



.»») = {^b + ( z2 ) } I ' ^ "i -i) + ( x + °( z2 )) I 1 ' ^ -h -I) 



(37) 



corresponding to eigenvalues which are more involved functions of the noncommutativity parameters and up to 
quadratic order in \z\ reduce to 



Be (I 



M 

Be 
~M 



3k 3zz 



1 



4M 

K 2>zz 
2 + 4i\7 



(38) 



0(z 3 ) 



again degenerated in the index rib- Then, here we also find an 0(z 2 ) shift from the first Landau levels in the normal 
commutative plane. 

Similarly, for j — rib = — § the eigenvalues (degenerate in rib) up to quadratic order in \z\ are 



Be \ 



2 M 

Be 
~M 

a Be , 



5k 5zz 
T + 4M 



E> 2 



3/\- Qzz / q\ 

1 h O (z 6 ) 

2 AM y ' 



(39) 



B. The spectrum in perturbation theory 

1. Small \z\ 

In order to explain the structure of this spectrum we will use perturbation theory for small values of the noncom- 
mutativity parameters. For convenience, we take as unperturbed Hamiltonian Hq and perturbation V the operators 
given by 



2MH = 2eB 



t 1 
aa+ 2 



+ 2Mks + zz (s 2 - s 2 ) , 

(40) 

2MV = \ / 2eB{za t s + + za.s_} . 
Since Hq commutes with Lo, sq and b'b, the unperturbed eigenvectors and eigenvalues are given by 

^n,n b ,m = \n,n b ) ® |A, TTl) , H ^n,n b ,7n = E^ n ^ n ,n b ,m , 

i r / i\ i (41) 

E<$n = \ 2eB ( n + 2 J + 2MKm + 22 ~ A ) } ' 
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degenerated in the index rib. 

Since V commutes with b^b, the first order corrections to the eigenvalues in perturbation theory are simply given 

by 



E { n} n = (*„,„ 6 ,m, Vtf Bini , m ) = , (42) 



and arc all vanishing. 

The second order corrections are given by 



p(2) _ ' \(,^n',m',n b , ^^n.m.njl /.„n 

n,m - ^(Q) (o) > 



n',m' ^n,m _ 

where the term with n' = n y m! — m is excluded from the series. From (|40j) we get 

(*n',n 6 ,m')2MV* nini) , m ) = V2eBzV n + l\/m(m + 1) - A <5n',n+i£m',ro+i+ 



(44) 



from which it follows that 

(2) -1 \z\ 2 (n + l)[m(m + l) - A] 1 |z| 2 n[m(?7i - 1) - A] 



= 2M l+^f + l£(2m+l) ' 2M l + ^ + S(2— 1) 



(45) 



^{2nm+Mm + l)-A]} + 0(|z| 3 ) 



Then, up to second order in \z\, we get for the eigenvalues 

eB / i\ uia ui 



B / l\ \ z \2 \ z \2 

- \n + - + Km + — (m 2 - A) - — \2nm + \m(m + 1) - Al} + O (\z\ 3 ) 
I \ 2J 2M y ' 2M X J/ Vl 1 ; 



(46) 



eB — \z\ m 



M V 2 



n H — + Km 



0(\z\ 3 ) 



for any unitary irrep of SL(2, R). Notice that, at this order and for each m, these are the Landau levels for an effective 
magnetic field linearly dependent on m, rigidly shifted by the Km term. Notice also that the dominant term in the 9 
parameter is quadratic. 

For example, considering again the unitary irrep of the discrete series with k = , and m < — k we get (up to 
O (\z\ 3 ) terms) 

TP , — eB + l ^T L / 1 \ K j? eB + ^- i i n _ 3k f eB+^- (l\ _ 5k ... 

^0,— J — A/ \2l 2 ' - M \2) 2 ' - M \2l 2 ' 

^-i = ^#(l + l)-f- ^3=^^(1 + 1)-^, a_. = -2^(i + l)_* ... (47) 



^,-| = ^(2+|)-f, S 2i _3=^t(2 + i)-M, S 2i _ s =^±^(2+I)-^,. 
in complete agreement with Eqs. p8H39[) . 



2. Large \z\ 

We will also consider the large NC parameters limit in perturbation theory. So, we now take as unperturbed 
Hamiltonian the operator 

H :=^(s >-s>) (48) 
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and as perturbation 



V / 2ei? , t s eB ( t 1\ 

V := ks + — [za's+zas-) + — I a 'a + - ) . (49) 



The eigenvectors and eigcnfunctions of Hq are given by 

Xn,n b , m ■= \n,n b ) ® |A, m) , 

, , (50) 

which depend only on m and arc degenerate in n and n&. 

Since both Hq and V commute with b^b, we can refer to the subspace with definite rib, and consider only the 
degeneracy in n. The first order correction to the eigenvalues in perturbation theory are given by the matrix elements 

(Xn', nb ,m,VXn,n b ,m) = <W,n j«m + ^ + M | , (51) 

which are already diagonal in n. 

The (0(|zQ) second term in the right hand side of Eq. (|4"9"| contributes at second order of perturbation theory with 
an O (3^) correction. Then, 

zz / eB\ 

£n,rn = ^ (™ 2 - \) + KTU + O f^j . (52) 

Then, one sees that the noncommutativity parameters appear as a typical energy scale for the separation of successive 
series of Landau levels. For \z\/M ^> 1, only the states with the minimum value of m 2 will manifest al low energies. 

IV. DIRAC PARTICLES 

The Dirac equation in 2+1-dimensions is 

(*7"0 M - M) * = , (53) 

where we take 

7° = °3 , 7 1 = -*o-2 , 7 2 = ! (54) 

which satisfy [7^,7"] = 2g» u with (g^) = diag (1, -1, -1). From ([53]) we get the Hamiltoniano i7 = c^p., + M/3, 
where a\ = — o"i, «2 = — 02 and /3 = 0-3. 

In the presence of an external electromagnetic field, minimal coupling requires to change p^ — > p^ — eA^. So, the 
Hamiltonian becomes 

H = a, ( Pi -eAi)-eA + Mp. (55) 



We consider again a constant magnetic field perpendicular to the plane of the system. Then, we take again Aq = 

2 tl 3" 



and Ai(x) = — ^eijX^, obtaining 



H = ceiVeB q + a 2 VeBp + M/3 = 
-V2eBa -M 



in terms of the operators defined in Eq. © and (fT2"j) , 
Taking into account that 



[H, L ] = [H, tfb - a^a] = spleB ( ° at ) (57) 



and 



[H, cr 3 ] = -V2eB [a)a+ + aer_, cr 3 ] = 2V2TB ( _° a ^ J , 
we conclude that H commutes with Jq := Lq + ^ . Consequently, we can write the eigenvectors of H and Jo 



with n > 1. Indeed, we have 



C\ \n, rib) 
C 2 In - 1, nb) 



T , ( Ci (^0 + 5) |n,n 6 ) \ . 



with eigenvalue jo = nt — n + i . 

On the other hand, (i? — E)ip nynb = implies that 



M - E -V2eBn \ ( Ci \ ( 



-V2eBn — (M + E) ) \ C 2 J \0 
Nontrivial solutions require that 

£ 2 - M 2 - 2eBn = =^ £ ±i „ = ± \/M 2 + 2eBn , 

and 

_ £±, n - M 

both independent of rib- Then, the eigenvectors are 

\j2eBri |n, rif,) 



V'. 



[-M ± VM 2 + 2eBnJ |n - 1, 



"fa) 



with n > 1, degenerate in the index rib- 

There is another solution for n = 0, given by 

^0,711 = 

with jo = rib + 1/2 and Eq = M, also degenerate in rib- 



|0,n b ) 




A. Extension to the noncommutative space 

We adopt as Hamiltonian of this system the Hcrmitian operator 

H = cti (pi - eAj(x)) + ks + M/3 = 



eB 

H ® 1 + k (a, <£> Sj + 1 2 (8 so) — 0-^- e ij a i ® s ] j 



where the term (kI-2 <8> so) comes from the shift of po in Eq. This Hamiltonian can also be written as 

H = H <Z> 1 + k1 <g) Sq — zer_ (g> s + — zcr + s_ , 

where cr± = 2i±52a, s± := si ± is 2 (See Eq. (|A10]|). 
This Hamiltonian has a symmetry generated by 

£0 + ^0-3) ® l + l 2 ®so- 



Indeed (See Eq. RIB ). 



J.H 



z z 
= ~2 [ a 3,V-] <8 S+ - g [ (J 3,cr+] <8 S_- 



Moreover, 



6*6, if 



— zcr_ (8) [so, s+] — (8) [so, s_] = . 
0. Then, the energy eigenvalues are also degenerate in n b . 



Given a unitary irrep of SL(2, R), we can choose a complete system of orthogonal vectors in the subspa 
Hilbcrt space characterized by given values of n b y j (the eigenvalue of J) as 



■</• 



|n, n b ) 




In, rife) 



A, j - n b - - + n 



A, j - rife + - + n 



Indeed, in both cases, the eigenvalue of J is (rife — n ± + (j — n b T 5 + ™) = j- 
Let us point out that 



[(H-E)®1 + k1 2 <E> s ] ip n ,t = 



M - E + k[ j - n b - - + n 



and 



[(H - E) <g) 1 + Kl 2 <S> s ] ^ 



71,4, 



-M - £7 + « ( j - nb + - + n 



t/)„4 - \/2eB(n + 1) ^n+l,t ■ 



Moreover, 



cr_ (g) S + ^n,t = \/ 0' - "6 + n )" - ( A + 4 ) ^fi4 ) 



and 



while 



s-ip n ,\. = ^/ (j - rife + n) - ( A + - ) Vn,t > 



(7+ (g) S-f/'n.t = = (T_ (g) S+l/VU ■ 

If we propose the following development for the Hamiltonian eigenvectors, 

00 

* = (C'lVVT + D ni>nA.) = 



00 / C n |n, rib) g> |A,j — rife - h + n) 
„=o y D n \n, rife) ® j A, j - n& + % + n ) 
the condition ( H — E ) = straightforwardly leads to the recurrence relations 



M-E + K[j-n b -- + n 



D n _iV2eBn - D n zJ (j - n b + n) -IA + 



0. 



D„ 



-M-E + K[j-n b 



(j -n b + ^ + r?j - C n+l yj2eB{n + 1) - C nZ] j(j - n b + nf - ^A + ^ 
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for n > and where D_x := 0. Notice that the solution depends on j and rib only through the difference j — rib. 
It is easy to verify that the limit n, 9 — > reproduces the results in Eq. (|()2"j) , and (|65p . 

The problem of getting the Hamiltonian eigenvectors appears to be more difficult than in the case of Schrbdinger 
particles. But, as before, for certain unitary irrep's of SX(2,R) it reduces to a matricial eigenvalue problem. 

Indeed, if we consider again an irrep of SL(2, R) in the discrete series, characterized by A = k(k — 1) and m < —k, 
one can see that m = j — rib + n — ^ < —k 0<?i<n& — j — & 

For example, taking k = | with j — n/, = 0we simply get 

(78) 



Co (-£--+ MJ = . 

Then, E = M - § and # ~ ^ ,t- 

For j — rib = — 1, the eigenvalues are the zeroes of the determinant 











-f+M-£ -V2B^ 



%-M-E 



-z -V2£te 
which have a rather involved expression as roots of a polynomial of degree 3 



= 0, 



(79) 



B. The spectrum in perturbation theory 

1. Small \z\ 

In order to explain the structure of the spectrum for small noncommutative parameters we will use again pertur- 
bation theory. We take H a := H (g) 1 + k1 ® So as the unperturbed Hamiltonian and V := —za_ ® s + — za + <E> s_ as 
the perturbation. 

Since Ho commutes with (Lq + \ 03) and with sq, we can take as unperturbed normalized eigenvectors and eigen- 
values 

|0,n 6 >\ 

I ® \\,m) , E J n = M + Km , 



(80) 



\/2eBn \n, rib) 

®±,n,n b ,m = C±,n | ) ® |A, m) , £7 

[M T VM 2 + 2eBn\ \n - 1, n b 



(0) 

±,n,m 



±V / M 2 + 2eBn + Km, 



degenerate in rib e N U {0}, with 



C±,n = {2 (A/ 2 + 2 eJ Bn) =p 2M\/M 2 + 2eBn} 



(81) 



Since [6^6, V] = 0, we can refer to the subspace with a given rib. Then, the first order corrections to the energies 
in perturbation theory are all vanishing. Indeed, they are simply given by 



(^0,n b ,m,V^ ,n b , m ) = = (*±. 



(82) 



On the other hand, 



(®s',n',n b ,m',V$? 0inbtm ) = -S n i t x5 m > iTn+1 zC s > ,„/ M - s' \/ M 2 + 2eB y/m{m + 1) - A 
E o 0) m - E< $]n', m > = M " sVA/ 2 + 2eBn' + «(m - m') , 



(83) 
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(84) 



and 

= -Cy,„/C s , n {6 n , tn+1 6 m , <m+1 z M - s'y/M 2 + 2eB{n + 1) V2eBny/m(m + 1) - A+ 
+<5„',™-i<W,m-i^ 2eB (™- 1) [ M - sVM 2 + 2eBn\ y/m(m-l) - a} , 

#£2,m " ^iv'.m' = sVM 2 + 2eBn - s' y/ M 2 + 2eBn> + k{tti - m!) , 

From Eqs. ((53)) and ([54]) one can easily compute the (0(|,z| 2 )) second order corrections to the energies. 

Therefore, for any irrep of SL(2, K) and to first order in \z\, the energy eigenvalues are given in Eq. (|80| . Notice 
that, as in the the case of Schrodinger particles, they show a shift linear in m and they do not depend on 6 at first 
order. This is also in agreement with Eq. (|78j) and (|79)) . up to O (M 2 ) terms. 



2. Large \z\ 

In the large \z\ limit, we take as unperturbed Hamiltonian the operator 

Ho := k1 ® so — zcr_ ® s + — zer + (g) s_ 

and as the perturbation 

V := H ® 1 = Mo- 3 1- V2eS [a f cr + + acr_] ® 1 , 
Since ["Hoi § ""3 + - s o] = 0, one can see that the normalized eigenvectors of "Ho are given by 

ci(i,±) |A,j - \) 
c 2 (i,±)|A,i + i) 

where j is the eigenvalue of (i as + so) and 

r _ V2z y/H 2 -(* + k)] 

ci(j,±) = r 



c 2 (i,±) 



1 + 4 7 [J 2 - (A + I)] ± ^/l + 4 7 [j 2 - (A + I)] 
2Sfl + «(1 - 2j) 



vWl + 4 7 [j 2 - (A + i)] ± Jl + 4 7 [f - (A + i)] 



with 7 := zz/k 2 and f the corresponding eigenvalues, 



4°2 i±^l + 4 7 



i 2 - U + 



(85) 
(86) 

(87) 



(89) 



degenerate in the indices n and n&. 

The corrections to the energies at first order in perturbation theory get contributions from the first term in the 
right hand side of Eq. (|86[) only and are determined by the matrix elements 



(90) 



4± = (*n',niJ,±.V*n,n fc J,±) =M5 n ., n 5 n ^ nb { \ Cl (j, ±) | 2 - |c 2 (j, ±) l" } 



l + 4 7 [.f -(A+i)] 
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which arc already diagonal. 

It can be easily seen that the the second order corrections in perturbation theory get an 0(M 2 / \z\) contribution 
from the first term in the right hand side of Eq. (|86|) and 0(eB/\z\) contributions from the second term in the right 
hand side of that equation. 

Then, also in this model the noncommutativity parameters appear as a typical energy scale for the separation of 
successive series of Landau levels and, at low energies, only the states with the minimum value of j would manifest. 

V. CONCLUSIONS 

In this article we have considered models of Schrodingcr and Dirac particles living in a space-time with a nonstandard 
noncommutativity, both in coordinates and momenta. This noncommutativity was induced by deforming the canonical 
commutators by terms proportional to the generators in a unitary irreducible representation of the Lorentz group in 
the 2+1-dimensional Minkowski space, isomorphic to SX(2,R)/Z2. Since this is a noncompact Lie group, its unitary 
irrep's are not of finite dimension. 

Taking into account that SX(2, R) is a three-dimensional Lie group, we have realized this deformation of the 
Heisenbcrg algebra by shifting canonical coordinates and momenta with terms proportional to the generators in 
the unitary irrep considered, a kind of non-Abclian Bopp's shift. In particular, the shift in momenta can also be 
interpreted as the introduction of a non-Abelian magnetic field. 

Consequently, the number of dynamical variables is enlarged and the Hilbcrt space gets the structure of a direct 
product, one factor for the state vectors of the ordinary system in the normal space and the other for the component 
of the state vectors in the representation space of this irrep of SX(2,R). 

We have shown that total generators of the Lorentz transformations can be constructed which correctly transform 
all the operators, thus realizing the Lie algebra sl(2,M) on the Hilbert space of the quantum-mechanical system. 

In this framework, we have considered modified Hamiltonians obtained through this non-Abelian Bopp's shift of 
the dynamical variables from the Hamiltonians of the Landau problem for both Schrodingcr and Dirac particles. We 
have analyzed these models for both discrete and continuous classes of irrep's of sZ(2,R). In general, the eigenvalue 
problem leads to an infinite recursion relation for the coefficients in the development of the eigenvectors in terms of 
a conveniently chosen bases of the Hilbert space, although for certain irrep's it reduces to a matricial problem. The 
spectrum of these models have been studied also in perturbation theory, both for small and large noncommutativity 
parameters z = k + i9^-. 

In the case of a Schrodingcr particle, Eq. (|46p shows that for small \z\ and for any irrep of SL(2, R) there is a series 
of Landau levels, one for each eigenvalue to of so, rigidly shifted by a term proportional to to and with a second order 
correction to the effective magnetic field. On the other hand, in the limit of large \z\ Eqs. (|52p and (|5ip show that 
the noncommutativity parameters appear as a typical energy scale for the separation of successive series of Landau 
levels and that, at low energies, only the Landau levels with the minimum value of to 2 manifest. Similar conclusions 
have been obtained for the model of a Dirac particle. 

Let us mention that, contrary to the case of conventional NC Quantum Mechanics, we have found no constraint 
between the parameters referring to no-commutativity in coordinates and momenta. Rather, with a nonvanishing 
magnetic field B, both k and 9 play a similar role (although there are no linear in 6 contributions to the eigenvalues). 

Notice that the structure of the Hilbcrt space as a direct product leads, in the \z\ — > limit, to an infinite degeneracy 
additional to the usual degeneracy of the Landau problem. In this sense, the noncommutative models here considered 
do not reduce to the original ones in this limit. Indeed, the modified Hamiltonian H takes the form H (8) li rrep in 
this limit, being then diagonal in the factor space of the representation of the group. Therefore, these models do not 
correspond to just a smooth deformation of the commutative ones. On the other hand, as previously mentioned, in 
the \z\ — > oo limit only the lowest excitations in this additional factor of the Hilbcrt space would be detected in the 
low energy limit, with no evidence of the higher levels. 

It is worthwhile to remark that the representation space of the unitary irrep's of SL{2, R) can be explicitly realized 
in terms of spaces of square-integrable functions: functions defined on the unit circle for the continuous classes of 
irrep's and analytic functions on the unit open disk for the discrete classes of irrep's, as discussed in Appendix IA 21 
Therefore, the examples studied in this article can also be considered as equivalent to models of quantum mechanical 
particles living in a space with an additional compact dimension, with the parameter k playing the role of the inverse 
of a typical length. Indeed, the non-Abelian Bopp's shift in Eq. ^ leads to a description of these systems in terms 
of the usual phase-space variables of a (commutative) (2+l)-dimcnsional space plus the generators of an irrep of 
SX(2,R), which are the dynamical variables adequate to describe its behavior in this additional dimension. 
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Appendix A: The Lorentz group in 1+2-dimensions 

The Lorentz group in 1+2-dimensional Minkowski space (33l-l35j]. M3, can be defined as the set of real linear 
transformations of x = (x , x , x 2 ), x' = Lx, which leaves invariant the interval 

s 2 = xS/x = x'L^Lx (Al) 

for all x, where the metric (i)^) = diag (+1, — 1, —1). This means that 

L*nL = ri =» (dctX) 2 = l and r] a& L a ^ v = ^ . (A2) 

Then, 

detL = ±l and L° > 1 or L° < -1 . (A3) 

The connected part of the Lorentz group (the one containing the identity 1 3 ), CX , corresponds to the subgroup 

of transformations with detL = 1 and L° > 1. The other cosets of the group are obtained from C\ through the 
multiplication by the parity (P := diag (+1, — 1, +1)) and/or time-reversal (T := diag (—1, +1, +1)) transformations. 

It is easy to see that « SX(2,R)/Z2. Indeed, one can establish a one-to-one correspondence between M3 and 
the space of real symmetric 2x2 matrices through the relation 

.(xl^A + A + A^ ^ 1 x / xl ^=a{*)\ (A4) 

where ct\ and 03 are the two real Pauli matrices. 

Within this representation of Minkowski space, the interval is expressed as detcr(x) = (a; ) — (x 1 ) — (x 2 ) = s 2 . 
Then, the Lorentz transformations are realized as c(x) — > Acr(x)A t with real matrices A such that det A = ±1. These 
conditions define a Lie group whose connected part containing the identity I2 is SL(2, M.) (isomorphic to SU(1, 1)). 

Moreover, since the elements in the center of the group, {I2, — 12} ~ Z2, correspond to the same Lorentz transfor- 
mation, we conclude that there exists a homomorphism <p '■ SL(2,M) — > C\ which apply {+U, —U} — > L. 

The elements in SL(2,M) can be written as 

A= ( \ +C ^ b + d ) , with a 2 + 6 2 = l + c 2 + rf 2 >l. (A5) 
These elements can be parametrized as 

c = sinh a cos /3 , d = sinh a sin ft , 

(A6) 

a = cosh a cos 7 , b = cosh a sin 7 , 

with a £ R and /3,7 G [0,27r). Therefore, SL(2,M) is a noncompact multiply connected 3-dimensional Lie group. As 
a consequence, the unitary irreducible representations of SL(2,M) are not of finite dimension. 

Writing the elements of SL(2,M) as A = e tA , one can see that a basis of the Lie algebra sZ(2,R) can be chosen as 
the set of matrices {Ao := — i 0%, X\ := | o\,X<z := | (T3}, which satisfy the commutation relations 

[X tll X v ] = -ie tlvX X x , (A7) 

where X^ = 77^" X v and t^vX totally antisymmetric with 6012 = 1. Ao generates the rotations on the plane while X^2 
correspond to the boosts in the spatial axis. The quadratic Casimir invariant is given by 

X 2 := rf v X ll X v = A 2 - X, 2 - X 2 2 , (A8) 

which commutes with the generators A p . 
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1. Finite dimensional irrep's of si(2,R) 

Since SL(2,M) is noncompact, its finite dimensional irrep's are not unitary. They can be constructed from the 
unitary irrep's of SU(2) in the following way. The generator of rotations, X , is Hcrmitian in any irrep and can be 
chosen as X —> J 3 . Then, the other two generators are anti- Hcrmitian and can be taken as X\ — > — iJ 2 y X 2 —> iJ\, 
where the Ji,i= 1,2,3 are the generators of the unitary j-irrep of su(2). 

The (2j + l)-dimensional space representation is generated by the basis of vectors 
{\j,m} , m = — j, — j ' + 1, ■ ■ ■ ,j — l,i}, and the Casimir operator reduces to X 2 = J3 2 — (— iJ 2 ) 2 — (1J1) 2 = 
J 2 = j(j + 1)1, where j(j + 1) > 0. 

But, as previously discussed, we need the unitary representations of SX(2,]R), which are considered in the next 
Section. 

2. Unitary irrep's of sZ(2,R) 

The unitary irrep's of sZ(2,R) are infinite-dimensional |33j |. They are generated by Hermitian operators X^ = XfJ 
satisfying the commutation relations in Eq. (|A7[) . In this case, the Casimir invariant can also take negative values. 
Since [AT M , X 2 ] =0, let us consider a simultaneous normalized eigenvector of X 2 and A"o, 

X 2 |A, m) = A I A, m) , X |A, m) = m \X, m) , (A9) 

where A € M and m takes integer or half-integer values. 
If wc define 



we get 



Then, 



X± := Xx ± iX 2 , with X±^ = X T , (A10) 
[X ,X±] = ±X±, {X + ,X_] = -2X Q . (All) 



X (X ± \\,m))=X ± (X ±l) |A,m) = (m ± 1) (X ± |A,m» 
X 2 (X t |A,m)) = A(X t |A,m)) . 



(A12) 



Taking into account that 



we conclude that 



X ± X T = X (X T 1) - X 2 , (A13) 



\\X T \X,m)\\ = (A,m| X ± X T \X,m) = m{m^l) - A > 0. (A14) 

Two cases should be consii 
so-called discrete and continuous classes of unitary irrep's respectively. 



Therefore, (m =p |) > A+ |. Two cases should be considered [33|: A + \ > and A + j < 0, which give rise to the 



a. Discrete classes: X + 4 > 

Let us write A = fc(/c — 1) with 1 fc > i. Then, A + | = (A: — i) 2 > 0. Then, we have either m > k or m < —k. 
From (|A14j) it follows that the existence of a vector with, respectively, a minimum or a maximum eigenvalue mo 
requires that 

m o( m o T 1) - k(k — 1) = (rriQ =F k) (tuq ± (A — 1)) = =>■ m = ±fc respectively. (A15) 



1 The case < fc < ^ can be mapped onto the one considered through the change k' = 1 — k > i, since k'(k' — 1) = k(k — 1). 
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Therefore, in these irrep's also fc takes integer or half-integer values, k = |, 1, |, • ■ • (which justifies the name of 
discrete assigned to these two classes). 

The subsequent application on these vectors of X + and X- respectively generates an infinite sequence of eigenvectors 
of Xq corresponding to the eigenvalues m = k + n or m = — k — n respectively, with n G NU {0}. 

These irrep's can be explicitly realized on a space of analytic functions of a complex variable which are regular on 
the open unit circle [H, Ha|. Indeed, let us consider the Hilbert space defined by the set of functions /(g) analytic on 
the open disk Ai := {3 € C : ||| < 1} with the scalar product 



(/(a), 3(3)), := ^ / ^ [i - U 2{k - 1] KlTGii) 



M 2l 



2k -1 
2tt 



f 27 /V 2 [l-^^Are^Vre**), 
Jo Jo 



(A16) 



with k > i. This definition can be extended to fc = h as |3£ 



(/(3),ff(3)) 1/2 := Urn — / ^ [1 - ii?^ /to'sk) • (A17) 



1/2 ' 7T J^l 2j 

An orthonormal and complete basis of this space can be constructed as 

{^■-{mmhf 1 '- 1 ' - 1 - 2 -] (A18) 

and it can be shown that, for any square-integrablc function in this space, the series f($) = Y^bLo c ihi(h) a ^ so converges 
in a pointwise sense and f($) is regular on the open disk M. f33j ] . 

It can be straightforwardly verified that the differential operators [33| 

A := 3 5 3 +fc, X+:=- 3 2 d 3 -2k } , X_ := -d t (A19) 

are a realization of the generators of sl(2, R) in Eq. (|A11[) and their Hermitian conjugates in this space satisfy Xq' = Xq 
and X±^ = X T . 
Moreover, 

X hi{j) = mhi(i) with m = I + k , I = 0, 1, 2, . . . (A20) 

and 

X 2 = Al , with A = k(k - 1) , (A21) 

which corresponds to a unitary irrep with a minimal eigenvalue for Xo, mo = k, with k = ^, 1, |, . . . 

A unitary irrep with a maximal eigenvalue for the rotations generator is obtained by taking on the same space (33j 

X' := -X = -id, - k , X' + := -X. = d } , X'_ := -X+ = i 2 d i + 2fc 3 , (A22) 

with A = k(k — 1) and m = — fc, — fc — 1, — fc — 2, . . . 



fe. Continuous classes: X + T < 

4 

In this case we write A = fc(fc — 1) with k = i + ij and 7 e M. Then, A + \ = — 7 2 < and the condition in Eq. 

(|A14[) reduces to (m =p |) 2 > > — 7 2 , satisfied for any integer or half-integer value of m. We take 7 > 0, which 
justifies the name of continuous given to these classes of irrep's. 

In such a way, m is not bounded and takes either all the integer or all the half-integer values. Moreover, in these 
irrep's the Casimir invariant takes only negative values, X 2 = — (7 2 + i) 1. 

The unitary representations corresponding to these two continuous classes can be explicitly realized as a function 
space over the unit circle, as discussed in [331 . Indeed, let us consider the Hilbert space of function /(</>) defined on 
the closed interval [0, 2n] with the scalar product defined with the usual Lebesgue measure 

(/(0), .9(0)) := P dc^ f{ct>)*g{4>) ■ (A23) 
Jo 
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On this space we define [33| 

X := -td+ , X+ := e** - \- 17) , A_ := ( tfy + i + ijj , (A24) 

with real 7. It is a straightforward exercise to verify that these operators satisfy the commutation relations in Eq. 
(|Alip and its Hermitian conjugate are given by X^ = Xq and X±^ = X^ if defined on a domain of periodic or 
antiperiodic functions on the interval [0,27r]. Moreover, 

X 2 = -Q+7 2 )l- (A25) 

Therefore, for any 7 > and adopting periodic boundary conditions, f(2ir) = /(0), we can take the complete 
orthonormal basis 

h m {<j>) := -£= e" n<t > , m G zl (A26) 



/2tt 

and have for these vectors 

X h m ((f>) = mh m (4>) , with m = 0,±1,±2, . . . (A27) 

On the other hand, if we adopt antiperiodic boundary conditions, f{2ir) = — /(0), we can take the complete 
orthonormal basis 

/4(4,):=-Le^,meZ+l} (A28) 



' 2 



having for these vectors 



X ti m (<f>) = mh' m {4>) , with m = ±-,±-,±-,... (A29) 
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